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Abstract:

In today's world, the search engine is essential to E-marketing. We receive the search results
from the search engine. The outcomes are displayed as a list. Optimizing the search result is a search
engine's main objective. Based on relevance, the search engine optimizes the search results. Based on
several factors, search engines give a given web page a rank. Elements including link popularity,
keywords, ete. To obtain the most pertinent search results, one can take into account several search
engine strategies such as on-page and off-page search engine optimization (SEO). In this essay, we
attempt to examine the well-known search engine optimization approaches. We also examine several
forms of search engine optimization.

Keywords: SEO, White-hat SEQ, Black-hat SEO, Gray-hat SEO, On-page SEO, Off-page SEO.

Introduction:

Differential analysis of search engine optimization (SEQ) is a method of comparing two or
more websites or web pages to identify differences in their (Nurmi)SEQ strategies and tactics. This
can be done by analysing various elements of the websites such as their content, structure, meta tags,
and inbound links. By identifying these differences, it is possible to gain insights into what strategies
and tactics are working well for the websites being analysed, and to identify areas where
improvements can be made to your own website. e
There are various tools and techniques that can be used to perform a differential analy;ia'_"éf SEO, 3
Some of these include: Y

White-hat SEO: CANE
White Hat SEO refers to the use of ethical and legitimate techniques to improve a website's 4
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search engine ranking. These techniques align with the search engines' guidelines and aim to provide

a positive user experience. White Hat SEO techniques include:
Black Hat SEO:

Black Hat SEO refers to the use of unethical or manipulative techniques to improve a
website's search engine ranking. (Couzin, 2008)These techniques are in violation of search engine
guidelines and can result in penalties or even being banned from the search engine's index.

Gray-hat SEO:

Gray Hat SEO refers to techniques that fall in between White Hat and Black Hat SEO. These
techniques are not strictly in violation of search engine guidelines, but they are not necessarily in
compliance with them e_ither.

Type Of SEO Techniques:

There are four main types of SEQ techniques: on-page SEO and off-page SEO, Technical
SEO;

1. On-page SEO: refers to the techniques used to optimise a website's content and structure to
improve its search engine ranking. (Kent, 2009)This includes optimising the website's title
tags, meta descriptions, header tags, and content for relevant keywords. It also includes
techniques such as improving the website's loading speed and mobile responsiveness, and
ensuring that the website is accessible to search engines through the use of proper site
architecture and internal linking.

2. Off-page SEO: refers to the techniques used to improve a website's search engine ranking
through external sources. This includes building backlinks from other websites to your own,
as well as building a strong online presence through social media and other forms of online
marketing. Off-page SEO also includes building the brand reputation and trust.

3. Technical SEO: refers to the optimization of a website's underlying code, structure, and server
settings in order to improve its visibility and accessibility to sedarch engines. (Munsell,
2010)This includes making sure that the website is properly indexed, that it loads quickly, and
that it is mobile-friendly. Technical SED also involves ensuring that the website's URLs are
clear and descriptive, that there are no broken links or 404 errors, and that the website is free

from any penalties or errors that could impact its visibility in search engine results.

a——

P ——

o

SEO audit: NS
is a process of analyzing and evaluating a website's technical and on-page SEO -F;érﬁ?irfnan|9e
in order to identify any issues that may be impacting its search engine rankings. The gﬂai'ﬂf hn SEO
audit is to identify areas that need improvement and to provide recommendations for how to optimize
the website for search engines (White, 2011).
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SERP can be affected by different ranking factors, and can be influenced by different SEO
techniques. Some factors include, keyword relevance, back links, meta tags, and many others. SERP
can vary depending on the search engine being used, as well as the user's location and search

history, SERP can also include various types of content such as featured snippets, map packs, local
packs, images, videos, and many others, which can be used to help users find the most relevant and
useful information for their search query.

Google Tools For SEO:

#Google Search Console: Google Search Console i3 a free tool offered by Google that allows
webmasters to monitor and maintain their site's presence in Google search results. It provides
information and insights about how your website is performing in search results.

#Google Analyties: Google Analytics is a free web analytics service offered by Google that
tracks and reports website traffic. It helps website owners understand how visitors interact with their
website.

#Google Ads: Google Ads (formerly known as Google AdWords) is a pay-per-click (PPC)
advertising platform that allows businesses to display ads to users on Google search results and other
websites.

#Google Trends: Google Trends is a free tool offered by Google that allows users to explore
data and trends about specific search terms and topies. It provides information about the popularity of
a search term over time, as well as related queries and topics, and the geographic locations where the
search term is most popular (James).

Google's algorithms:

Google's algorithms are complex mathématical formulas that are used to determine the
relevance and importance of web pages for specific search queries. These algorithms help Google to
deliver the most relevant and high-quality search results to users. Here are some of the key
algorithms used by Google: '

1. PageRank: PageRank was Google's original algorithm that was used to rank web pages based
on their importance and relevance. It uses a complex formula that takes into account the
number and quality of links pointing to a page, among other factors,

2. Hummingbird: Hummingbird is a more recent algorithm that was designed to better
understand the meaning behind a user's search query and to deliver more relevant msialtsh —
focuses on the context of the search query, rather than just individual keywords. -

3. Penguin: The Penguin algorithm was designed to penalize websites that engage m s;;ammjr

link building tactics, such as buying links or participating in link schemes (Carson, Eﬂli}. I

4. Panda: The Panda algorithm was designed to penalize websites that have low-quality or thin
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content. It's intended to reward high-quality websites and to improve the overall quality of

search results.

5. BERT: BERT is a language processing algorithm that helps Google to better understand the
context and meaning of words and phrases in a user's search query. It's designed to deliver
more accurate and relevant results for natural language queries.

These are just a few of the many algorithms used by Google to determine the relevance and
importance of web pages for specific search queries. Google's algorithms are constantly evolving and
being updated, so it's important for websites to stay up-to-date with best practices for search engine
optimization (SEO) to maintain their visibility in search results (Johns, 2014).

Mobile and desktop SEO:

Mobile and desktop SEO are similar in many ways, but there are also some key differences to
consider. Here are the main differences between mobile and desktop SEO:

® Device compatibility: Mobile SEO needs to take into account the various types of mobile
devices, screen sizes, and browsers, whereas desktop SEO just needs to worry about desktop
computers.

® User experience: Mobile devices have smaller screens and touch-based navigation, which can
affect the user experience. Mobile SEO needs to optimize for this experience, such as using a
responsive design and larger font sizes.

. Loaﬂ speed: Mobile devices often have slower internet connections, so mobile SEOQ needs to
prioritize fast load times to keep users engaged.

® Local search: Mobile devices are often used on-the-go, so mobile SEQ needs to prioritize local
search results and maps.

® Voice search: Voice search is becoming increasingly popular on mobile devices, so mobile
SEO needs to optimize for natural language queries.

e App indexing: Mobile devices often use apps, so mobile SEO needs to consider app indexing to
ensure that app content can be found in search results.

While both mobile and desktop SEQ need to focus on prowdlng relevant and high- L’[llﬁllt}’
content, optimizing for keywords, and building links, there are important differences to Mnﬂtdl:r for-
each device type. A comprehensive SEQ strategy needs to take both mobile and dEsktup mm ucmun’c
to reach the maximum number of users (Cutts, 2015). !

Search behaviour: "~
Search behaviour refers to the actions and patterns of users when they search for information

online using search engines such as Google, Bing, Yahoo, etc. Understanding search behaviour can

help companies to improve their search engine optimization (SEO) and search engine marketing
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(SEM) strategies, as well as their overall online presence.

By understanding search behaviour, companies can improve their search rankings and reach
more users with relevant and targeted content. They can also use this information to optimize their
websites for specific devices and improve the user experience for their target audience.

Ranking Algorithm:

A ranking algorithm is a mathematical formula used by search engines to determine the
relevance and importance of web pages for a specific search query. The ranking algorithm takes into
account various factors such as keywords, content quality, user engagement, and backlinks, to
determine the relevance of a web page to a search query. The ultimate goal of a ranking algorithm is
to provide the most relevant and high-quality search results to users (Enge, 2016).

Here are some of the key factors that a ranking algorithm might consider:

1. Keywords: The presence and relevance of keéywords in the title tag, headings, and body content
of a web page can impact its ranking.

2. Content quality: Search engines look for high-quality, unique, and relevant content that

provides value to users. Pages with low-quality, duplicate, or thin content may be penalised.

3. User engagement: User engagement metrics such as click-through rate (CTR), time on site,
and bounce rale can impact a web page's ranking. Pages with high engagement signals are
often seen as more relevant and authoritative.

4. Backlinks: The number and quality of backlinks pointing to a web page can impact its ranking.
Paé.e.*a with a high number of high-quality backlinks are ofien seen as more authoritative and
trustworthy,

5. Mobile optimization: With the increasing popularity of mobile devices, search engines now
place a high importance on mobile optimization. Pages that are not mobile-friendly may be
penalised in search results.

6. Local optimization: For local search queries, search engines consider factors such as the
location of the business, distance from the user, and presence in local directories (Fishkin,
2017).

These are just a few of the many factors that a ranking algorithm might consider when
determining the relevance and importance of a web page for a specific search query. As search
engines continually update and improve their ranking algorithms, it's important for companies to stay
up-to-date with best practices for search engine optimization (SEQ) to maintain their }?Elhilﬁme
search results. 0o, %
Analysis study: d
Before SEO (We find out this mistakes)

IRJHISIC2302040 | International Research Journal of Humanities and Interdisciplinary Studies (IRIHIS)| 351
Signatur Verified
SHAHA N

MEHABUB'MANER
Document'Sertified



www.irjhis.com ©2023 IRIHIS | Special Issue, February 2022 | ISSN 2582-8568 | Impact Factor 6.865
International Conference Organized by V.P. Institute of Management Studies & Research, Sangli
{Maharashtra, India) “Digital Technology: Its Impact, Challenges and Opportunities” on 25" February 2023

1. Missing Title tag
2. Missing Meta Description
3. Not Setted proper tracking
4. Alt text missing

5. Less Images

6. Low quality content

7. No internal linking

8. 10 Backlink

9. SSL Missing

10. Legal Pages Missing

11. Website hosted on bad server
Before Google Search Console Report
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After The SEO:

I. We restructure complete website

2. We write 20 SEO optimised titles tag

3. We Write 25+ New Meta Description

4. Keyword research. We use low competition keywords

5. We use short paragraph content

6. We add Images, info graphics and images on our blog pages

7. We set up proper internal linking structure

8. Newly setup Google Analytics and Search console.

9. We share content on all social media platforms

10. We add new free stock images

11. We write 20 new blog post

12. We run Off-page SEO campaigns

13. Website caching setup

14. We Setup CDN and SSL

15. We newly add all legal pages like privacy policy T&C pages
After everything done we wait for results and finally we got impressive result
Before Google Search Console Report:
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Before Website Speed Test Report :
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Overall SEO:

Audit Results for startwithabed.com
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Your page could be better
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Conclusion:

In conclusion, a comprehensive SEO report should evaluate a website's performance. in
search engines and make recommendations for improvement. The report should cover a variety of
factors, including keyword analysis, on-page optimization, backlink profile, technical SEQ, and

mobile optimization. The report should also use tools such as Google Analytics, Google Search
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Console, and Google Trends to analyze website data and track progress. The final report should
summarize the findings and make clear, actionable recommendations for improving the website's

visibility and ranking in search results. It is important to regularly monitor and update the website's
SEO strategies to stay ahead of changes in search algorithms and maintain a strong online presence.
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ABSTRACT ; _~ARTICLE HISTORY

This paper deals with a nonlinear multi-derivative fractional Volterra =~ Received 5 December 2022
integro-differential equation with finite delay involving a non-  Accepted 5 June 2023
singular Mittag-Leffler kernel. Krasnoselskii's fixed-point theorem KEYWORDS

is used to obtain the current result. Also, we establish the gener- Integro-differential
alization of Pachapate’s inequality and provide its applications for equations; data dependence
the existence, uniqueness, stability, and data dependence of the  results: Mittag-Leffler kernel;
suggested problem. All the results are justified by an example. . Ulam-Hyers—Rassias stability

MATHEMATICS SUBJECT
CLASSIFICATIONS
_ 26A33; 34A08; 34A12; 34040

1. Introduction

Basigtheoretical development and applications due to fractional differential operators, viz,,
& and Riemann-Liouville involving singular kernels, have been found in [1, 2). The
tFary-order derivatives in the form of a non-singular kernel give a new direction to
athematical modeling. Caputo-Fabrizio fractional derivative [3] involves a non-singular
kernel as an exponential, while Atangana-Baleanu fractional derivative [4] involves a non-
singular Mittag-Leffler kernel. To know the details about modeling with these derivatives,
one can refer to [5-11] and overall, the fractional order modeling is a strong tool that pro-
vides'a unique perspective for understanding and modeling complicated systems with
non-integer behavior and also references cited therein [12-18]. The development of the
theory of FDEs with these derivatives for various classes has been studied in [19], Kucche
et al. [20] derived results for nonlinear FDEs using a non-singular Mittag-Leffler kernel to
get a local, global, and extremal solution for nonlinear FDEs and nonlinear Hybrid FDEs.
The theory of Ulam-type stability was obtained due to a question raised by S.M.Ulam [21].
Its generalization in different directions results in various forms of Ulam-type stabilities, The
study of such type of stability generates a variety of classes of differential equations using
different techniques as found in [22, 23]. Pachpatte's inequality and its generalization play
an important role in the study of integro-differential equations of integer order see [24].

CONTACT Thabet Abdeljawad ) tabdeljawad@psu.edu.sa . o
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2 (@) AKHANETAL

Utilizing the Caputo fractional differential operator, Kucche et al. [25] studied the prob-
lem for validity, convergence and error estimation due to Picard’s method and Mohamed
et al. [26] studied the problem for existence, uniqueness and numerical solution through
different methods. Sutar et al. [27] studied multi-order differential equations involving
Atangan-Baleanu-Riemann (ABR) type fractional derivative. Inspired by this work, in this
paper, we consider a nonlinear multi-derivative fractional Volterra integro-differential
equation with delay:

X
%H{X} +ABR UI)';H(X} =u (x. ﬂx:f V (XJ'FI i'..II_]nl') d.!l")- XIE 'I e Iﬂ:x].- X - ﬂ.r “}I
0

n(x) = c(x) € [—r, 0], (2)

where #8R; D2 denotes left ABR-type differential operator fractional order of order
0,(0 < < 1) with a lower terminal 0. I :/x C([-r,0LR) xR — R and V:/x[x
C([—r, 0], R) — R are nonlinear continuous functions.

The class of equations that we have considered is to more generalize than that of studied
and cover all the results obtained in [27] as a particular case.

In the Preliminary section, we recall basic definitions and results related to our work. In
Section 3, we establish generalization of Pachpatte-type inequality which plays a key role
to obtain our results. In Section 4, we obtain the necessary condition for the solution to
exist and be unique. In Section 5, we derive estimates on the solution and various data
dependence results. Section 6 deals with the Ulam-type stability results. The Krasnosel-
skii's fixed-point theorem and derived Pachpattes inequality pla:,,r a key role in obtamlng
our results.

' S
6
2. Preliminaries \ &

Let R be the real Banach space with norm | - |. Consider the Banach spacesC G{[-r,(:-},]R
and B = C([-r, X],R), X = 0 of all continuous functions defined on respective domains
with respective suprimum norms || - [|¢ and | - ||5. For any function ne B and x e.f Nx
denotes the function in C and is defined by 1, (6) = nix + t?} ¢

Definition 2.1 ([4]): Suppose ¢ € [1,00) and G be an npen subset of B then the Sobolev
space H?(G) is given by o e ; :

He(G) = {f € L*(G) : DPf € L3(G), furalll.iﬁl ol

Definition 2.2 ([4]): Let n € H'(0,1) and 0 < g < 1, the left ABR fractional derivative is
given by

ABR o0 = (9)__“_ oo B o iatag
oDy n(x) e ]E [ 1_9.9‘1 1,"_3{]3"-'.(?}‘1-""* it

where B(g) > 0 denotes a normalization function with pro;:terigy_éi_(ﬂ} = 1 =IE:(1} and E,; is

the Mittag-Leffler function, Signatur Verified
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WAVES IN RANDOM AND COMPLEX MEDIA (&) 3

Definition 2.3 ([28, 29]): The generalized Mittag-Leffler function ]E;ﬂ(z} for the complex
@, B,y with Re(g) > 0is defined as

[sa}
¥ fa) (¥ é
Far® = L k4 By

where (y ) is the Pochhammer symbol given by
Wo=1 Whk=rly+1)-(y+k-1), k=12,...

Definition 2.4 ([28, 29]): For p, u, @,y € C (Re(p), Re(i) > 0), we have fractional integral

operator £ . on class C([a, b]) defined by

€ par)(T) = f (r =) 'E} lo(x — 0)®lp(r) dr, t €[q,bl.
'a‘ "
Lemma 2.1 ([23]): Let0 < g < 1. Define the function © on C(l) by

8 .
(Bw)(t) = % (E;;J.f_—'g.-%m) (t)ywelClh, tel

Then:

(i) © is the bounded linear operator on C(/).

(i) @ satisfies the Lipschitz condition.

(i) ©(S) is equicontinuous, where S is any bounded subset of C(1), . ;

(iv) ©isinvertible and for any f € C(l), the operator equation @« = f has a unique solution

inC(l).

Lemma 2.2 (Krasnoselskii's fixed point theorem, [30]): Let 2 be a Bandch space. Let S
be a bounded, closed, convex subset of Q and let Fy, > be maps of S into 2 such that Fyw +
Fan € S foreverypairw, n € S.IfF; is the contraction and F; is continuous, then the equation

Fio+Fo=w

L -,nﬁ-ﬂf}r

wlution on S.

e 2.3 ([23]): Leth € C(/) be any function, the function n € C(l) is a solution of problem

d
ik ABRoDEN() = h(x),x €1,
dx
n(0) =no e R,
then n is a solution
B X H X
n(x) = no — 2. E, [ g (Xﬁ]"J n(y)dr+f hiy)dy, xel.
u .

1-2Jo 1=~g Signatur Verified
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4 (@) AKHANETAL.

3. Generalization of inequality:

We have modified the following inequality.

Lemma 3.1 ([31], Theorem 1.7.4/(iii) on page 35): Letu, f,gand _h be nonnegative contin-
wous functions defined on R* and up be a nonnegative constant. If

X ¥
u(x) < o + f " Fu) dy + f 9 (u(y]+ fﬂ h{z}u[z}dz) dy.x € R,
0 0

then for any xeR™,

X ¥
u(x) < ug [exp ( f - f(z) d2) + f gly) exp ( f [f(z) + g(2) + h(z)ldz)
0 1] 0
X exp (fxf{z} dz) d;.r] 5
¥

To establish uniqueness, data dependence and Ulam-Hyers stability results for our prob-
lem, we show that the following theorem is the new generalization of the generalized
Pachpatte’s inequality given in Lemma 3.1. Its proof is close to the proof of Theorem 1.7.4
([31], page 39) and can be completed on a similar line.

Theorem 3.2: Letu, f, g and h be nonnegative continuous functions defined on Rt and n(x)
is a positive and nondecreasing continuous function defined on R, If

X X ¥
u@) = nx) + f fy)u(y) dy + j; aly) (U(}f} + .[;. h(z)u(z) dz) dy.xeR*, (3)
]

then for any xeR*, ; ' §’

4 3
u(x) < n(x) [exp ( f f(2) dz) f gly) exp ( f [f(z) + g(z) + h(2)] dz) g’-
[H]
x exXp (fx f(2) dz) dy] i ni S - " (4)
y S _

Proof: For any xR+, using the characteristics of n(x), we write from ineq'ua"lity (3)

u() < n(x) + f f(}']—ﬂ(xld}"+ [ 90 (~—n(x)+ f h{z}%n{x}dz)

= n(x) [T+f f{y}——d +f g{y}( ((E j h{z}%dz) d"'{]

This gives

u{x} = u(z}
n(}_ ff(y:r dy+j; g(y}( f m:zJ )

As an application of the Lemma 3.1 to the above inequality with u(x) = ﬁ and ug = 1, we

get the desired inequality (4). Signatur Werified
SHAHA%N

MEHABUB'MANER
Document'Gertified



WAVES IN RANDOM AND COMPLEX MEDIA (&) 5

4. Existence of solutions

Theorem 4.1: Thefunctionn € B isasolution of problem (30)-(31) ifand only if n is a solution
ofintegral equation

el By e T e BT
00 =50~ 7= | EQ[ Fi r}”]n(y}df
X ¥
o L H(y,:-;.',,, f Yz dz) dy, Xel (5)
0
ne) =c(¥), xel-r0]. ' 6)

Proof: The proof follows by taking h(x) = U(x, nx, JI",; Vix,y,ny) dy),x € I, and using the
initial condition 7(0) = ¢(0) in the Lemma 2.3. : [ |

We need the following assumption to obtain our results:

(A1) There are functions Ly, Ly € C(J, R;) such that |
) 1, &,m) — UK, L2 m2)| < Lu(x)(81 = Lale + Im — nal),

(i) YOy &) = Viay )l = Ly 16 — tale
forallx,y € J, &1,¢, € Cand iy, 3 € B.

Theorem 4. 2 (Existence Results): Under the hypothesis [A1], if 0 < Ly < ¢, where [ =

min{1, —xr&:—_l_m— ), then the problem (30)-(31) has a solution in BB provided

2B(@)XE, (+45X°)

=1, _ . { it (7)
1—p : T
where Ly = sup Ly (%), Lz = sup Ly (x), My = sup U{(x,0,0) ande = sup V(x,z,0)
xel ; xzel
Proof: Define
R= lwo| + MyX _ _ :
BoIXEq2( 12 X%0)

1= b (X 4+ 5+ My)) - =2

A

Targfbed/choosing Ly, ¢ and condition (7), we have R = 0.
Cunmerthe set,

S={nebB: H??H =R}.

One can verify that & is closed, convex and bounded subset of Banach space B. Consider
the operators 71 : § — Band F; : § — B defined by

SO+ foU (viny, [§V (v.zn;:) dz) dy, x €1, *

§(x), x € [-r,0], Signatur Verified
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6 (@) A KHANETAL.

and
—(Fn)(x), x € |,
(Fam)(x) =
0, x € [-r,0],

where consider F that is given in Lemma 2.1. The equivalent fractional integral Equa-
tions (5)-(6) to the problem (30)-(31) can be written as operator equations in the following
form

n=Fn+Fm nebB.

We show the operators F; and F3 complete all the conditions of Lemma 2.2. The proof of
the same has been given in the following steps.

Step (1) JF is the contraction.

Let n,weB. Using the definition of F;, we have for any xe[—r,0],

[(Fim)(x) = (Frw)()| = |s(x) — g(x)| = 0. (8)
Again for any x € | we obtain using hypothesis (A1)

[(Fim)(x) = (Fre)(0]

X y
= .[g y(}’rﬂ‘}frﬁ V(y,z,nz) dz) d}"—u(y,wy,fy'V{y,-E.mz} dz)
0

x ¥
Ej; Lu(y) (iﬂy — ayle + j; IV (y,2,nz) dz — V (¥, 2, w7)| dz) dy

dy

X y

Efﬂ Lu(y) (h]y"‘w:.-']c"{'j; Lv(z}ln:*a:rzlcdz) gy L
X y

E]l; Ly (|?}y —wylﬂ"}“l'-!fﬂ tﬂz—wﬂﬂdz) dy :

xl x:
<|n-wls (L1x+ |'-'Il'-2"j‘) < (L1X+L1L2-2-) ln —wls

L L
< 3‘ (2 +L2X%) In — wllg < 5 (2X + L2 [X* + My]) lin —

AL L
,._2{"? _23'? B-

This gives
[(Fimx) = (Fiw)(X)| < llw—nlls, x €1, w5 € B. (@)
Using inequalities (8) and (9), we get

|Fin— Fels < lo -1l w@n€B.

This shows that F; is a contraction.
Step (2) F3 is continuous.
applying Ascoli-Arzela theorem and Lemma 2.1, one can easily prove that the operator

F3 = —F is continuous. Signatur Verified
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WAVES IN RANDOM AND COMPLEX MEDIA (&) 7

Step(3) Fiw + Fan € S, fora,n € S.
Forany w, n € S, using Theorem 2.1, we obtain

|(Frw + F2 r,a}(x}l = [(Faw) ()| + [(Fan) ()]
B(e)

1 1

=< |ewo| +
0
B
22 ()
@ I—e
¥
= |wol +-[ﬂ L (y) (|ﬁy|ﬂ +'l; IV (y,z,nz) dz) dy + Myx

B
+ (e) XEQJ(] gax&‘r)ﬁr

-

¥
(}n ny.f V(y.znz) dz')‘ dy + —X]Egz (Lx‘?) Inll

(y’:ny:f v{yz.nz}dz) uo«.nm[ dy+f U (1,0,0)| dy

X ¥ ¥
< laol + L1 f (I?Irylc+ f YV Wozm2) =V (3,2,0)] dz + fﬂ IV (1,2,0)| dz) dy

+mux+1("] XE,; (1_ X‘?)R

k

X Y .
= |wol +l1fn (Ilnfl +fu Ly(@) Inzle d2+vao Inzle d-!) dy

+ Myx + E{G}XIEQ_ (1 - xﬂ)g
)

< |a.=.;=|+t1||r;-1|f0 (1 + Loy +Myy) dy + My x+£]-XE9,;_ (1 ng‘?)ﬁ

r
< IMuI+L1H(y+(i1 +Mv)"‘3) My 5@) ” XEq2 (1 Q x‘?)ﬁ
- @

¥
E|%!+L|R(X+(12+Mv)?)+Mux+7lﬁmqj(1 L X‘?) R,
-0

with the help of definition of R, i.e. condition(7), we obtained the ft:aﬂowi ng

2 B(p)XE,, —£_xe
|+Mux=n(1—Li(x+‘%{u+mm)— “(‘ - ))

=0

[(Fiw+ Fan)(x)| <R xel

This gives

IFiw+ Fanllg <R, forall w, neéd.

SHAHA
MEHAB
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8 (@) A KHANETAL.

From steps 1 to 3, it follows that all the conditions of Lemma 2.2 are satisfied. Therefore by
applying it, the operator equation

w = Fio+ Fw,

has a fixed point in &, which is a solution to the problem (30)-(31). This completes the proof
of the theorem. - |

Note that Krasnoselskii's fixed point theorem does not guarantee the uniqueness of the
solution, but in the following result we have shown that with the same assumptions of
existence result, we have uniqueness result.

Theorem 4.3 (Uniqueness): Considering the assumptions of Theorem 4.2, the prob-
lem (30)-(31) has the unique solution in I5.

Proof: Letn, & € B be two solutions of the problem (30)-(31). We find for any x € |
In(x) — §(x)|

Blg) [ 0 ]
0 & . —y)e d
H(} = ). Be| 7o -»°| )y

[ul [ 7o)

B
[(m LGRS [—,T%?-(x *:F}‘}]-é’{?} dy

0
+j:u (y,Ey,j; Vy.z,&) dz) dy”

B@ ("o [ & '
= Ep[1_g(x—>f}‘?:| In(y) — &(y)| dy

X y Kol
+ [ ) (my—enc + [ tve@in: - &le dz) d

Consider the function y defined by

Y= sup l=§OL xel (12
then |(n — £)(Dlc = y(x), ¥ x €l and there is x* € [—r,x] such that y (x) = |(y — £)(x*)|.
Hence, for x* € [0, x] we have '

o |

62(Jr" —,v)'*‘] y(y) dy

y
+f L (y) (}‘(}'J+f Ly@)y (@) dz) dy
0 0 '
Bl g [

[4]
= 1=oJs 2l1= g(x_-"’:'g] () dy. Signatur, Verified
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WAVES IN RANDOM AND COMPLEX MEDIA @ 9

X y :
_|_j; Lee(y) (y(y]+fo Lv(z]y(z}dz) dy.

Applying the integral inequality from Theorem 3.2, with

B
=0, 10)= 7L B[ 70—, g0 =tue) and h») =Ly,
we get
In(x) —EX)| =0, xel
which verify the uniqueness of the solution of the problem (30)-(3 _T}. [ |

5. Estimate on solution and data dependence

Theorem 5.1: Let’s suppose assumptions of Theorem 4.2, if n(x) is a solution of problem
(30)-(31), then

. (B 1z 0
700l < (15 (O] + MyX) [exp (fo [1 (_“"LE.? [1 fgwmﬂd]_+ iuU’J}) dy

% Y[ 8@ 2
+./; Ly (y) exp (j; [1 =0 E, ('I = Q(}( —z}"f’)_;f— Lul;z} o L?.{z}] dz)
: ;
X exp ( f 5) E, [ - (x y}‘?:’ dz) dy]
e

Proof: If n(x) is a solution of problem (30)-(31), then it satisfies Equ[valent integral
Equation (5)-(6). Hence, we write forany x € |,

B(o)
Ine0l < Is @I+ 7= | E, [1 G —}’}‘?] In®)] dy

¥
u (.'f: H}"r'/; 1"’ {}";.zg i?z} dZ) 'd

B X
_ EI;(G}I-J-% i Ea[1fgix—r}“]in{}'}ldy

¥ X
u (y. ny.f V2,12 dz) = uw,o,ml dy '+ fﬂ_wummﬂn dy

<l mn+m E, [
-2 Jo i

} In(y)| dy

¥
+j; L¢(y) (Inylc +f IV (y: 2, n2)l dz) dy + Myx, -

= 15 ()] + MyX + % E, [ fg(x —y)":l In(y)l dy

¥
+fa Lu(y) (In,rlc+f V(.z.nz) = V(y.2,0) d”,[, IV (y,2,0)] dz) dy

< 15(0)] + MyX + 2@ ]E&'[ g

— )@
1-0/p 1 - Q{X 2 ] In)ldy Signatur Verified
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MEHAB
Document'Sertified

MANER



10 (&) A KHANETAL

X ¥
+f Lt (y) (l?’-'y|c 'l'j;} Li(2) Inzle d2+MW') dy
0

X B
£|gm}|+Mqu+f @)
o 1—@

Eq [1 EQ(X —F}‘?:l In)| dy

X ¥
+ f L) (In{y)|+ f Lu{z}ln(ZJld2+Mv}’) dy

< 160)] + MyX + f { Ltk [ - ,ﬂ + Lu(i«:'} In®)l dy

+Lamﬂ@mwﬁtmmmmm)®

Applying Theorem 3.2, we obtain

[ B
01 = (6] + M) [exp ([ {2, [1 ©x-ye|+ o)) @

X ¥ \
+fhﬁum([[m”%(‘?W—ﬂﬂ+mm+hﬂq¢)
0 guLl=0 1-0 . ;

g

X B(e) e
X exp (fy 153 E, [—1—_Q-(x —y}‘?:l dz) .dy] I.

|

Y
Theorem 5.2 (Dependence on initial conditions): Assume that the functionsi{ andV sat-
isfy conditions (A1). Let n; (i = 1,2) be the solutions to the following problem corresponding to

E.f(x} (=1, 2]:

X
%n(x} + AR DEnx) =U (X. ﬂx:fn Y (xy.ny) dF) r X€l=[0,X,X>0, (13)
no) =g, (=12, €l-r0. " ' (14

Then b

1—¢ :
X
+ fu Lu(y) exp( [ B@ (—%Q(x —ﬂ.”),_+ Ly (@) + L_‘L_J_(E}] dz)

X B(o) g )
xexp(y 1_QIE9[—1_Q(x—y]]dz dy] (15)

Proof: Let any ¢(x)(i=1,2), and n; (i =1,2) be the corresp::i_nding solutions to the
problems (13)-(14). Then by the hypothesis (A1) we have

|1 (%) — n20)] ' Signatur Verified
SHAHA N
MEHABUB/MANER
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B
= 16100) — 5200)] + % ; E, [—1 EQ{X-JFJ‘?] In () = n20y)| dy

x ¥ :
i ﬁ L) (I(m — )Wl + fﬂ Ly@I(m - ) @le dz) dy. (16)

With the function y in (12) we have

B(g) 0 o
yx) < ls1 = s2le + Teol Ee [—ﬁ(ﬂf -y ] y(y) dy

x y
+ fu L) (:fur]+ fn Lv(z]rfz}dz)d

Applying the integral inequality given in Theorem 3.2, with

B
uo = Ig1 = gale, FY) = (QL lEa[ ey y}‘?]

g(x) =Ly() and he) =LyG), - |, ps O

we get

yx) = ls1 - s2le [EXP (fn 15{_9]5? E, [—1 EQ(x—z)‘?] dz) _
X ¥ E{
+[J Ly (y) exp (ﬁ [ QL E, (—Ti(x—z}ﬂ)fm(z)ﬂmzy] dz)
0

X
xexp( 20 IE;-[ (x r}”] )dy}.
¥

li=p
which gives the desired inequality (15). ]

To discuss the data dependence result, we consider the problem

X d
E(x)+ ARV DRE(x) = (x.sx, j; V(%y. &) d:-f) xel=[0X, X>0, (17)
E(x) = ¢(x) € [-r,0], (18)

Theorem 5.3 (Dependence on functions): Let hypothesis (A1) halds. Suppose that

{AE] there are functions P, Q > 0 such that

L, Sm) = vy Lum)| < P
X)—s(x) =Q

for all x,y € J, £1,¢2 € Cand my,n3 € X. If n and & are the solutions of problem (30)-(31)
and (17)-(18), respectively, then

A
In(x) = §00I = (Q+PX) [Exp (f 13(9:' E, [_ @ z;a] dz)
0o 1-eo L=g

X
* fo Lu(y) Signatur Verified
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¥y .
X exp (f [ 8) E, (— —Q—{x - z}”) + Ly (2) + Lp{z]] dz)
o L1—¢ S

: {—Q}Q [ —E Q ] ) ]
E 21 dz) dy|. 19
x exp ( fy 1 0 1 =y Y (19)

Proof: Since n, £ are the solutions of Equations (30)-(31) and (17)-(18) receptively. We find
forx € [0, X]

[n(x) — £

B X
<150 - 01+ == [ B, [—%(X—r)‘*] In) - £l dy

X ¥ - s
+ j; u (y, s ﬁ} Y (h215) dz) i (x. & fn P 42,6 dz)

E X
5|g(m—§(m|+% | E, [—{Efx—wﬂmqanwndr

+ ﬁx H(?-ﬂy:LyVU.Z,ﬂz} dz) —U (X;Ex,j:V(}ffz,?;z} dz)
+j: H(F' My [:V(y.z. nz) dz) —ﬂ(Jf;Exrj:ﬁ(}’..f} :g‘z}jdz)

Blg) [*

E X
EQ+1—*_“'E g E, [—ﬁ("’f—}"}e] |’?U}—E(}"]|d}’+£ Luy) (Iny — &le

dy

dy

dy

¥ X
+f0 Lv{z}|ﬂz“‘§z|cdz) dr+fo Pdy

x
<O Ble) Eﬂ[ﬂfg

X

=3¢ | o)~ ey + [ 1) (my = e

1-=0Jo
¥
+ fu Ly (@in: - Bl dz) dy + PX.

With the function y in (12) we have ;ﬁ-‘ﬁm““

£

Blo) [* L é’O
r(x)50+Px+ﬂ- ; E, [— {x"f}”]f{y}dr %km

1—@ ;
X ¥ bed, 'rivise
+ fﬂ L) (y(ﬂ + fﬂ L@y @ dz) dy
Applying the integral inequality from Theorem 3.2, with
) =80 [ @ i
uo =(Q+PX), f(y) =3 — Ea[ gl }
g =Ly(x) and hQ)=Lpx) |

we get

y(x) = (Q+ PX) [exp(fxﬂ_{gj_gﬂ [__E—(x_z)g] dz) -
0

1-¢ 1—0 Signatur Verified
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X ¥ E
[ o ([ [ 22 8y (- 99) siaco 41009 )
0 0 e =@
* Big) 0
—E,|- — )2 dz | dy |,
xexp(fr oo 9[ 1_9(«\’ F}] )J’]

which gives the desired inequality (19). . 3]

To prove the results related to parameters, we consider the following equations involving
the parameter of the form:

d X
5100 + Ao DEn(x) =U (X:thi'x:fn V(% y,1y) dy), xel=1[0,X], X>0, (20)

d X
3100 + AR DEn() =U (x. P2, nx.fu V(x.y.ny) dy). xel=[0X],X>0 (21)

subject to
N = ¢(x), x e [r0] ' (22)

The following theorem shows the dependency of solution on parameters.

Theorem 5.4 (Dependence on parameters): Let hypothesis (A1)& (ii) hold. Suppose that
there exist 2, 1 = 0andp € C(J,R..) such that

A, 1. £1om) = UK, 1, 82, 12)| < 1p(T) (181 = Gale + [m = mal),
A, 01, &10m) = U, p2, 8111 < Qlp1 — pa

where forall x € J,p1, 02 € R, 1,62 € Cand ny,mz € X. If iy is the solution of problem (20)
subject to (22) and n is the solution of problem (21) subject to (22) then

InGx) — £(x)|

X B(o) 0
=XQ|p — p2| [Exp (j; m IEQ ]:—T_—E{x - 2]9:’ dz)

X YT B
+ nmwexp( / [ 9 5, (— g (x-z}*") +-n.pcz:++tv(z1] dz)

1—-p 1-p
X Bo)
exp f E [—
(y 1-0 i

findforanyx e |

3 i il e
1_g(x-:f)‘?] dz) dr]- (23)

Im (%) = n2(x)|

X
< B(g)
T=eJo

X ¥
+£ H(F.p:.{m}y,/; Vy.z,(m)z) ':fz)

¥ .
; SHAHA%N
MEHABUB' MANER
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X
e, Eﬂ[- @
1-0Jo -

X ¥
+j'; 24 (yrp'lr(nl)j’lj; v()":l':(m]z] dZ)

¥
—v“r ;Plr(ﬂZ]y:j; VUF;I; ':??2}1} dz)‘ d}"

fﬂ

¥
- U (}", 22 [HZ]y;j; VU".-I; (n2)z) dZ)

(x — y}‘?] |1 (y) — naly)| dy

¥
H(}ﬂ p1: (N2)ys fu V.2, (n2)z) dz)

dy

Ble) [* e 2 2 i #
< —— [ Ey|=——&=y°|Im@) —nW@ldy+ [ 1py) ((n —n2)¥lc
1-2Jo 1=0 0

¥ X
+f Ly(2)|(m = n2)@)le dz) djf+fa Q| — pa2| dy
0

X
i B(o) E, [_
1—¢Jo

y
+j; Ly(@)|(m — m)@le di) dy +XQ|p1 — pal.

X
3 fg(’f -F}D] [ (y) = na(y)| dy +fﬂ Q1p0) (Im = n2)Wle

With the function y in (12) we have

Be) [*
y(x) < XQ|p — p2| + -l-i Eg [—
—eJo

e
1=

(= r}“] vy () dy
X ¥
+ (e (v + [ wor@d) d

Applying the integral inequality from Theorem 3.2, with

B .
up = X2 |1 — pal, -"U’]= 1{_&.:; Ep [_T%(x_y}a

gx) = Qip(x) and h(x) = Ly(x)

we get
X B
y(x) < XQ|p1 — pa2| | exp f —L‘?-ILIEQ [— : (x-z}‘?] dz) .
o 1-¢ 1-¢ : _
X ¥ ﬂ
+f Q1p(y) exp (f [1 @ E; (-—%(1 - z)'?) + 1p(2) + l'-viz}} dz)
0 0 = —e S
* B(g) [ [o) ] ) :
X ex —=" E,|-———1(x—=y)?| dz) dy|.
; (j; T £l T=g® ©
which gives the desired inequality (19). Signatur Wyified
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MEHAI;%ANER
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6. Ulam-Hyers—Rassias stability:

Definition 6.1: Equation (30) is said to be generalized Ulam-Hyers-Rassias stable with
respect to the positive nondecreasing continuous function @ : [—r, b] — R if there exists
Ce > 0such that for each € > 0 and for each solution & € B of following inequality

%5(x}+““"oﬂﬁe<x3—u(x.ax. L V(. &) dy)lge(b(x). xel (24)

there is a solution n € B of (30) with |E(x) — n(x)| = € Cp ®(x) forx € [—r, b).

Theorem 6.1: If the functions U4 and V satisfy the assumption (A1), then Equation (30) is
Ulam-Hyers—Rassias that is stable with respect to ®, provided _ﬂf $(t) dt < Ad(x), x € land
A=0

Proof: Denote that 5 € B is the unique solution of the following problem
d X
00 + ABRODEn(x) = U (x. s fn V (%, 1y) dy) ,X€l=[0,X],X>0, (25

n(x) = §x) € [-r0], - (26)

Let&é € B be the solution of Equation (24). Then there exist kg (x) € B (which depend on £)
such that |k (x)| < e®(x) and .

d X
ZE00+ ABRyDSE(X) =U (x, Ex, fﬂ V(% y. &) dr)'+ke (0, xel.

From the above equation we can write

B(g) [* [
X)—EO+—— | E,|-
‘n(] £(0) TR o

> .
T -Jf}”] n(y) dy

x ¥ et
_‘/‘; ”(F:ﬂr-£ v(y.l'zi ?i'z} dZ‘) d}"‘

- ¥ iR :
EL |k_5(y}| dygj; eP(y)dy <eAd(x), xel (27)

2.that |n(x) — §(x)| = 0,x € [-r,0]. By using assumption (A1) and (27) for x € | we

B(o) X o e 1
£(x) — £(0) + =l Eq [_ﬁ{x —F}"] n(y) dy

X ¥
_./'; U(}f,n},.,j; v‘:}':f;??z}d-z) d}"‘

Bo) [* A5
<0 -£@+ 72 "5, [~ L w-ye ]y

SHAHA N
MEHABUB'MANER
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. 4
L) an [_ e (x—y]”] tn(y}—!;‘(y)ldy—i-f Lu(y) (Iny — &yle
1= Jo 1-¢ 0
¥
+ f“ Lvizllnz—'flecdz) dy

x 5
<avw+22 ['g, [———9 ® w}ﬂ] In(y) — E@)ldy
1—-0.Jo 1=~

¥
4 f" Lu(y) (lﬁy — &yle + fﬂ Ly(@)Inz — &le dz) dy.
0

With the function y in (12) we have

B 4 e
Y (x) Eel¢(x}+% iy I:—1 =3

(x —r)‘?} y(y) dy

X ¥
+ ﬁ Ly (y) (VU"} + j; Ly(2)y(2) dz) dy..

Applying the integral inequality from Theorem 3.2, with

B
n(x) = e®(x), fly) = 1_% E, [_ g

(x—y}‘?]; g(x) = Ly(x) and h(x) = Ly(x),

T=p
we get
X 80) o [l @it o, )
00 - 6001 = 300 [ ([ 12 B [~ 2002 e
A Y[ B(o) ( 0
ol £ 00 N R o
) worem ([ |75 5 (755
+ L@ + Lv(z)] dz) '
X B - | s
xexp(y 1{_91']%]:—13@[::—?]@
Taking

X B 0
Cq,:,k[exp (j{; TE-_%EQ [—m(x—z}“] dz)
X y
+f Ly (y) exp (f [.F(_E] E, ("1f (X-i}”) + Lu(2) +f-v(3}] dZ)
0 0 Q Q K-

Eg | ———— dz) dvl. 4 (29)
xexp(fy T 1_9(3 y)*| dz | ay _

Then we have the following from (28)

In(x) — E(x)] < € Cop P(x), Xx €,

SHAHA N
MEHABUB' MANER
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7. Examples

Example 7.1: Considering a nonlinear multi-derivative fractional Volterra integro-
differential equation:

X
%n{x}w‘ﬁ” Dy *n(x) = (x,nx, f V(% 1y) dy), xel=[0,X,X>0, (30
0

?'.I':X} == E{X}; XE [_'rrﬂ]i {3”
Let
e sin|n’ (x)|
V{X:f-ﬂr] —K(X,f] S'D +_x '
s sin(x)
SW =01

Here, X = 1,r = —1.
Theorem 4.2 satisfies the following Ly, L; = %, My = 0, M, = 0. after calculation. Thus
a given system in light of Theorem 6.1 is UHR stable.

8. Conclusion

Volterra integro-differential equations, which combine differential and integral operators,
are useful for simulating real-world problems. There are several research studies on volterra
integro-differential equations in the literature, including some new work on fractional
integro-differential equations. Many theories regarding such equations have been devel-
oped, and they have also been numerically solved using various approaches. As a result,
we'll need to develop new equations to do a fresh research. As a result, in this paper, we
proposed a novel class of volterra integro-differential equations with mixed operators. We
deal with a nonlinear multi-derivative fractional volterra integro-differential equation with
finite delay involving nonsingular Mittag-Leffler kernel. The existence results are obtained
by using Krasnoselskii’s fixed point theorem. Also we establish an inequality which is the
generalization of Pachapate’s one of the inequality, through which we have obtained the
'rlf ueness results, Ulam-type stability and data dependence results.
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